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,Q*LQJROGDQG0RQDJKDQ>@DQG/XF\>@LQWURGXFHGWKHPHVKIUHHPHWKRGZKLFKZDVRULJLQDOO\LQWHQGHG
IRUWKHVLPXODWLRQRIDVWURSK\VLFDOSUREOHPV7KLVPHWKRGZKLFKZDVODWHUQDPHG6PRRWKHG3DUWLFOH+\GURG\QDPLFV
63+LVEDVHGRQDVVXPSWLRQVUHJDUGLQJWKHIORZRI1HZWRQLDQIOXLG±PRVWIUHTXHQWO\GHVFULEHGE\1DYLHU6WRNHV
HTXDWLRQV(YHQWKRXJKWKH63+PHWKRGZDVGHYHORSHGPDLQO\IRUWKHK\GURG\QDPLFVILHOGHJPXOWLSKDVHIORZ>@
LWKDVDOVREHHQDGDSWHGIRUUHODWHGILHOGVHJUHVHDUFKLQWRWKHTXDVLEULWWOHIDLOXUHRIPDWHULDOV>@7KH63+PHWKRG
LVSDUWLFXODUO\DWWUDFWLYHLQWKHDUHDRIKLJKVSHHGVWUHVVDQGODUJHGHIRUPDWLRQV>@7KDQNVWRWKHDSSURDFKRIWKH
63+ PHWKRG LQ ZKLFK OLQNV DUH EXLOW EHWZHHQ SDUWLFOHV DW LQWHUYDOV RFFXUULQJ ZLWK D VSHFLILHG IUHTXHQF\ HJ
VLPXODWLRQWLPHVWHSVDYLUWXDOPHVKFDQEHFUHDWHGHYHQIRUYHU\KLJKO\GHIRUPHGDUHDV,QWKLVZD\IUDJPHQWLQJ
PDWWHUFDQDOVREHVLPXODWHGZLWKRXWDQ\QXPHULFDOFRPSOLFDWLRQV>@+RZHYHULQFDVHVZKHQWKHGLVWULEXWLRQRI
63+SDUWLFOHVRIWKHRULJLQDOJHRPHWU\LVQRWUHJXODUWKHUHVXOWVGRQRWFRUUHVSRQGZLWKWKRVHIURPH[SHULPHQWV7KH
VL]HRIWKLVSUREOHPLVDOVRLQIOXHQFHGE\WKHGHQVLW\RIWKHGLVFUHWL]DWLRQRIWKHFRQWLQXXP,QRUGHUWRHYDOXDWHWKHVH
GHSHQGHQFLHV WKH FRQWULEXWLRQ IRFXVHV RQ G\QDPLF ORDGLQJ LVVXHV FRQFHUQLQJ FRQFUHWH /VSHFLPHQV ZKLFK DUH
VLPXODWHGXVLQJWKH63+PHWKRG,QWKHH[HFXWHGVLPXODWLRQVWKHUHJXODULW\RIWKHGLVWULEXWLRQRI63+SDUWLFOHVDQG
LWVLQIOXHQFHRQWKHW\SHRIIDLOXUHDUHSULPDULO\H[DPLQHG5HVXOWVIURP)(0VLPXODWLRQVDQGH[SHULPHQWVDUHXVHG
IRUFRPSDULVRQ

1RPHQFODWXUH
ag PD[LPXPDJJUHJDWHVL]H
d QXPEHURIGLPHQVLRQV
Ec <RXQJ¶VPRGXOXVRIFRQFUHWH 
fc F\OLQGHUFRPSUHVVLYHVWUHQJWKRIFRQFUHWH
ft WHQVLOHVWUHQJWKRIFRQFUHWH
GF IUDFWXUHHQHUJ\
h VPRRWKLQJOHQJWK
mj PDVVRIWKHSDUWLFOHj 
N QXPEHURISDUWLFOHV 
v IORZYHORFLW\YHFWRU
vc 3RLVVRQ¶VUDWLRRIFRQFUHWH
W VPRRWKLQJIXQFWLRQ
x SRVLWLRQYHFWRU
ǻVj ILQLWHYROXPHRIWKHSDUWLFOHj
ț VPRRWKLQJIXQFWLRQFRQVWDQW
ȡ PDVVGHQVLW\
ȡc PDVVGHQVLW\RIWKHFRQFUHWH
ȡj PDVVGHQVLW\RIWKH63+SDUWLFOHj 
ȍ LQWHJUDWLRQGRPDLQ

(VVHQWLDOIRUPXODWLRQRIWKH63+PHWKRGDQGWKHVL]HRIWKHVXSSRUWGRPDLQ
7KHIRUPXODWLRQRIWKH63+PHWKRGLVRIWHQGLYLGHGLQWRWZRNH\VWHSV7KHILUVWVWHSLVWKHintegral representation
RIILHOGIXQFWLRQVDQGWKHVHFRQGLVparticle approximation$VVXPLQJWKDWWKHILQLWHYROXPHǻVjLVDVVLJQHGWR63+
SDUWLFOHjWKHIROORZLQJUHODWLRQVKLSDSSOLHV
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ZKHUHmjDQGȡjDUHWKHZHLJKWDQGGHQVLW\RISDUWLFOHj7KHYDOXHRIWKHPRQLWRUHGTXDQWLW\f xZKLFKLVWKHSURGXFW
RIintegral representationDQGparticle approximation RSHUDWLRQVFDQWKXVEHZULWWHQDV
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ZKHUHWLVWKHVRFDOOHGVPRRWKLQJIXQFWLRQDQGhLVWKHVPRRWKLQJOHQJWKGHILQLQJWKHLQIOXHQFHDUHDRIWKHVPRRWKLQJ
IXQFWLRQW±VHH)LJ
)LJ3DUWLFOHDSSUR[LPDWLRQVXVLQJSDUWLFOHVZLWKLQWKHVXSSRUWGRPDLQRIWKHVPRRWKLQJIXQFWLRQWIRUSDUWLFOHi
7KHH[WHQWRIWKHVXSSRUWGRPDLQLVGHILQHGDFFRUGLQJWR)LJDVWKHVL]HRIWKHJHQHUDOO\YDULDEOHSDUDPHWHUh
ZKLFKLVFDOOHGWKHVPRRWKLQJOHQJWK3DUDPHWHUhFDQDOVREHPXOWLSOLHGE\FRQVWDQWț3DUWLFOHVZKLFKDUHLQVLGHWKH
VXSSRUWGRPDLQDWWULEXWDEOHWRSDUWLFOHiDUHFDOOHGQHLJKERXULQJSDUWLFOHV,IWKHUHVXOWDQWYDOXHRIWKHSURGXFWțhLQ
HDFK WLPH VWHSRI WKHQXPHULFDO VLPXODWLRQ LV WKH VDPH WKHUHFDQEH WKHGHFUHDVH LQ WKHQXPEHURIQHLJKERXULQJ
SDUWLFOHVDQGWKXVDOVRWKHGHFUHDVHLQWKHDFFXUDF\RIWKHVROXWLRQGXHWKHHIIHFWRIH[FHVVLYHGHIRUPDWLRQVLHGXULQJ
WKHPXWXDO GLYHUJHQFH RI WKH63+SDUWLFOHV ,W LV DGYLVDEOH WR FKDQJH WKH VL]H RI WKH VXSSRUW GRPDLQGXULQJ WKH
FDOFXODWLRQLQVXFKDZD\WKDWWKHQXPEHURIQHLJKERXULQJSDUWLFOHVLVFRQVWDQW7KHUHDUHPDQ\ZD\VWRG\QDPLFDOO\
GHYHORShVRWKDWWKHQXPEHURIQHLJKERXULQJSDUWLFOHVUHPDLQVUHODWLYHO\FRQVWDQW,Q%HQ]>@VXJJHVWHGD
PHWKRGRIGHYHORSLQJWKHVPRRWKLQJOHQJWK7KLVPHWKRGXVHVWKHWLPHGHULYDWLYHRIWKHVPRRWKLQJIXQFWLRQLQWHUPV
RIWKHFRQWLQXLW\HTXDWLRQ

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ZKHUH  v LV WKHGLYHUJHQFHRI WKH IORZYHORFLW\7KLVPHDQV WKDW WKHVPRRWKLQJ OHQJWK LQFUHDVHVZKHQSDUWLFOHV
VHSDUDWHIURPHDFKRWKHUDQGUHGXFHVZKHQWKHFRQFHQWUDWLRQRISDUWLFOHVLVVLJQLILFDQW,WYDULHVLQRUGHUWRNHHSWKH
VDPH QXPEHU RI SDUWLFOHV LQ WKH QHLJKERXUKRRG (TXDWLRQ  FDQ EH GLVFUHWL]HG XVLQJ 63+ DSSUR[LPDWLRQV DQG
FDOFXODWHGZLWKRWKHUGLIIHUHQWLDOHTXDWLRQVLQSDUDOOHO>@
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([SHULPHQW
,Q 2åEROW et al >@ FDUULHG RXW H[SHULPHQWV GXULQJZKLFK KH FRQWUROOHG WKH GLVSODFHPHQW RI /VKDSHG
FRQFUHWHVSHFLPHQVDWGLIIHUHQWVSHHGV7KHDLPRI WKHH[SHULPHQWVDQGVXEVHTXHQWQXPHULFDOVLPXODWLRQVZDV WR
GLVFRYHUWKHGHSHQGHQFLHVEHWZHHQWKHPDWHULDOVWUHQJWKDQGWKHORDGLQJVSHHG
(YHQ WKRXJK GLVSODFHPHQW FRQWURO VSHHGV RI  PPV ±  PPV ZHUH WHVWHG LQ WKH H[SHULPHQW WKLV
FRQWULEXWLRQRQO\UHTXLUHVDWWHQWLRQWREHSDLGWRWKHKLJKHVWORDGLQJVSHHGLHPPV)LJVKRZVDGLDJUDP
RIWKHSODFHPHQWRIFRQFUHWHVSHFLPHQVIURPWKHH[HFXWHGH[SHULPHQW)LJGHSLFWVW\SHVRIIDLOXUHDWORDGLQJVSHHGV
RIPPVPPVDQGPPV)URP)LJLWLVREYLRXVWKDWWKHW\SHRIIDLOXUHDOVRFKDQJHGGXHWRWKH
HIIHFWRIORDGLQJVSHHG:LWKWKHFKDQJHLQORDGLQJVSHHGWKHUHVLVWDQFHRIWKHFRQFUHWHVSHFLPHQDJDLQVWGHIRUPDWLRQ
DOVRFKDQJHGDVGLGWKHPHDVXUHGPD[LPXPUHVLVWDQFHVWUHQJWK±SHDNORDGN1ZDVPHDVXUHGIRUDORDGLQJ
VSHHGRIPPV

)LJ*HRPHWU\DQGERXQGDU\FRQGLWLRQVRIWKH/VSHFLPHQXQLWVLQPP>@

)LJ/VSHFLPHQIDLOXUHW\SHIRUYDULRXVGLVSODFHPHQWORDGLQJVSHHGV>@
6HWWLQJXSWKH63+VLPXODWLRQ
7KHDLPRIFDUU\LQJRXWQXPHULFDOVLPXODWLRQVXVLQJWKH63+PHWKRGZDVWRDFKLHYHWKHYDOXHVPHDVXUHGLQWKH
H[SHULPHQWIRUDORDGLQJVSHHGRIPPV,WZDVDOVRXVHGWRREWDLQDFRUUHVSRQGLQJIDLOXUHPRGHWRWKDW
ZKLFKFDQEHVHHQLQ)LJ6LPXODWLRQVZHUHFDUULHGRXWDOVRXVLQJWKH)(0PHWKRGLQRUGHUWRFKHFNWKH63+
PHWKRG¶VUHVXOWV
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
)LJ'LDJUDPRIWKHERXQGDU\FRQGLWLRQVRIWKH/VSHFLPHQ
7KHLQLWLDOJHRPHWU\DQGSODFHPHQWZHUHDOZD\VWKHVDPHIRUDOOGLVFUHWL]DWLRQYDULDQWVDVFDQEHVHHQLQ)LJ
ZKHUHIL[HG)(0HOHPHQWVRU63+SDUWLFOHVDUHVKRZQLQUHG7KHJUHHQDUURZVKRZVWKHGLUHFWLRQRIORDGLQJDQGWKH
JUH\EUDFNHWWKHDUHDZLWKORDGHGGLVSODFHPHQWFRQWURO)(0HOHPHQWVRU63+SDUWLFOHV6LPXODWLRQVZHUHSHUIRUPHG
LQWKH/6'<1$SURJUDP>@
4.1. Material model 
,QWKHQXPHULFDOVLPXODWLRQVRQO\WKHFRQFUHWHVSHFLPHQZLWKRXWVWHHOEUDFNHWVZDVPRGHOOHG7KLVZDVGRQHWR
PLQLPL]HSRVVLEOHQXPHULFDOLQVWDELOLWLHVHJFRQWDFWVEHWZHHQVWHHODQGFRQFUHWH,QWKLVZD\DWWHQWLRQFRXOGEH
IRFXVHGH[FOXVLYHO\RQWKHEHKDYLRXURIWKH63+PHWKRG7KH&RQWLQXRXV6XUIDFH&DS0RGHO&6&0ZDVFKRVHQ
DVWKHPDWHULDOPRGHORIFRQFUHWHWREHXVHG>@7DEOHVKRZVWKHSDUDPHWHUVXVHGLQWKHVLPXODWLRQV
7DEOH7KHPDWHULDOSDUDPHWHUVIRUWKH&6&0PDWHULDOPRGHO
0DVVGHQVLW\ȡcNJP 
&RPSUHVVLYHVWUHQJWKfc03D 
7HQVLOHVWUHQJWKft03D 
<RXQJ¶VPRGXOXVEc*3D 
3RLVVRQ¶VUDWLRvc 
)UDFWXUHHQHUJ\GF -P 
0D[LPXPDJJUHJDWHVL]HagPP 
4.2. From FEM to SPH 
6RWKDWWKHUHVXOWVRIWKHVLPXODWLRQVRIWKH)(0DQG63+PHWKRGVFRXOGEHFRPSDUHG)(0PHVKZDVXVHGDVWKH
EDVLVIRUWKHFUHDWLRQRIWKH63+PRGHO63+SDUWLFOHVZHUHSODFHGLQWKHFHQWUHRIJUDYLW\RIWKH)(0HOHPHQWV
6LPXODWLRQUHVXOWV
,QWKHILUVWUHVXOWVVHFWLRQWKHIXQFWLRQDOLW\RIWKH)(0DQG63+PHWKRGVLVWHVWHGIRUDUHJXODUPHVKZLWKGLIIHUHQW
GLYLVLRQGHQVLWLHV,QWKHVHFRQGUHVXOWVVHFWLRQDQDUHDZLWKDURXJKHUGLYLVLRQLVLQVHUWHGLQWRWKHRULJLQDOPHVKZLWK
WKHILQHVWGLYLVLRQ,QDGGLWLRQWKLVDUHDLVLQWHQWLRQDOO\SODFHGDWORFDWLRQVWKURXJKZKLFKWKHFUDFNLVVXSSRVHGWR
SDVVVHH)LJGLVSODFHPHQWORDGLQJVSHHGPPV




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)LJ5HJXODU)(0PHVKDQG63+SDUWLFOHGLVWULEXWLRQUHVXOWV
5.1. Regular mesh and density of spatial discretization  
'LVFUHWL]DWLRQVL]HVRIPPPPDQGPPZHUHFKRVHQIRUWKH)(0HOHPHQWV,QWKLVZD\GLYLVLRQ
LQWRDQGHOHPHQWVZHUHDFKLHYHGDORQJWKHWKLFNQHVVRIWKHFRQFUHWHVSHFLPHQ$VWKH63+SDUWLFOHVZHUHFUHDWHG
IURP)(0HOHPHQWVWKHGLVWDQFHVEHWZHHQWKHPZHUHDOVRPPPPDQGPP)LJXUHDQG7DEOH
VKRZWKHUHVXOWVIRUDUHJXODU)(0PHVKDQGWKHGLVWULEXWLRQRI63+SDUWLFOHV7KHUHVXOWVFRUUHVSRQGZHOOZLWKWKH
H[SHULPHQWV
7DEOH7KHSHDNORDGIRUUHJXODU)(0PHVKDQG63+SDUWLFOHGLVWULEXWLRQ
'LVFUHWL]DWLRQVL]H )(0 63+ H[SHULPHQW
PP N1 N1
N1PP N1 N1
PP N1 N1
5.2. Irregular mesh and ț parameter influence  
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